Module 9

Integration using
Trigonometric Substitutions

A. Introduction

Table 2 gives a summary of the integrals that require
the use of trigonometric substitutions, and their
application is demonstrated in Problems 1 to 19.

Solved problems on
2

integration of sinzx, coSs“x,
tan2xand cot?x
%
Problem 1. Evaluate: / 2cos? 4t dt
0
Since cos2t =2cos?t — 1
1
then cos’t = 5(1 + cos2t) and
2 1
cos“ 4t = E(l + cos 8¢)
¥ 2
Hence / 2cos“ 4t dt
0
T 1 in 8¢ T
=2/ (1 + cos 8¢) dr = [r+ o ]
0o 2 0

8

) big
T SmS(Z) sin0
=|l—+—7-—""|—-|0+—

Problem 2. Determine: / sin? 3x dx

Since cos2x = 1 — 2 sin®x

2

1
then sin“x = 5(1 —cos2x) and

1
sin?3x = 5(1 —cos6x)
) 1
Hence sin“ 3x dx = 5(1 — cos6x) dx
1 sin 6x +
—2\"" 6 ¢

Problem 3. Find: 3 / tan> 4x dx

Since 1+ tan?x =sec?x, then tan?x =sec?x — 1 and
tan?4x =sec? 4x — 1

Hence 3/tan2 dxdx =3 /(secz4x —1)dx

(tan4x )
=3 1 —-x)+c

z
3

Problem 4. Evaluate / )

ps

6

cot?26 do

N =



Table 2 Integrals using trigonometric substitutions

J f(x)dx Method See problem

1 in2
2. sin’x 5( _ o x)+c Use cos2x =1 —2sin’x 2

4. cot®x —cotx —x +c¢ Use cot?x + 1 =cosec? x 4

1
6. sinAcos B Use 5[sin(A+B)+sin(A—B)] 9

1
8. cosAcosB Use E[cos(A+B)+cos(A—B)] 11

1 X
10. —— sin~! = 4¢ 13, 14
JVa?—x? a Usex =asinf
2 e
I, = % il %Jaz — A substitution 15, 16
a

Since cot? @ + 1 =cosec? 6, then T T
1 —cot2 (—) . —cot2 (—) .
cot?0 =cosec? 6 — 1 and cot? 26 =cosec? 26 — 1 = Sl 3| |—7—= 3%

1,
Hence / ECOt 20d0

ps

1
= 5[(——0.2887 —1.0472) — (—0.2887 — 0.5236)]

T 1[ —cot26 5
[, (cosec?20 — 1)d6 = E[ CZ - 0] = 0.0269
z. T

N =



Exercise 5. Integration of sin?x, c o s 2x, tan?x [Whenever a power of a cosine is multiplied by a sine of
and cot?x power 1, or vice-versa, the integral may be determined
by inspection as shown.

y —cos"tlg
In general, [ cos"@sinfdfd = ——
(n+1)
Solved problems on powers of "
sines and cosines and/sin”ecosede _so™ 8,
(n+1)

Problem 5. Determine: / sin’ 0 do

Since cos26 + sin%6 =1 then sin? 0 = (1 — cos2 ).

. T 02 3
Hence / sin’ 0. d6 Problem 6. Evaluate: /0 sin” x cos” x dx

= [ sinf(sin%0)%2 do =/sin0 1 —cos26)2do 3 T
/ ( ) ( ) / sin® x cos® x dx =/ sin®x cos® x cosx dx
0 0

=/sin0(1 —2c0s?0 +cos*0) do

z
- / (sin@ — 2siné cos” O + siné cos* 0)d6 = /0 (sin”x)(1 — sin”x)(cos.x) dx
0 2c0s30  cos’d 7
= —cosf + 3 5 +c =/ (sin®x cosx — sin* x cos x) dx
0
. _sin3x sindx |2
o 3 5
L 0
- 3 5
(sm —) (sin —)
3 5
1 1
=—-——-=— or 0.1333
3 5

ESEY

Problem 7. Evaluate: 4 / 4cos*o do, correct to
0
significant figures

5 5
/ 4cos*0do :4/ (cos?6)2do
0 0

7 2
I
:4/4 |:—(l+c0529):| a6
. L2

%
:/ (14 2¢0s26 + cos>20) do
0

g

; 1
=/4 |:1+2(:0529+§(1+cos49)i|d9
0



s 3 1
:/4 |:—+200529+—COS49:|d9
o L2 2

39 sin46 1%
= | — 4sin20 +
2 0

3y . 2w sind(mw/4)
Ly ]
3

=2 41
o+

= 2.178, correct to 4 significant figures.

Problem 8. Find: / sin? ¢ cos* ¢ dt

/ sin® ¢ cos* tdt = / sin? t(cos2 t)2 dt

/ 1 —cos2t 1+ cos?2t 2
2 2

1
= g/(l — c0s2)(1 +2cos2t + cos® 2t) dt

1
= g/(l +2¢082t + cos? 2t — cos 2t
—2cos? 2t —cos> 2t) dt

1
= §/(1 + c0s 2t — cos? 2¢ — cos> 2t) dt

1 1 4+ cos4t
=— 14+cos2t— | ——
8 2

—cos2t(1 — sin? 2t)] dt

1 1 4¢
- _/ (E — CO; + cos 2t sin22t) dt

1t sin4t+sin32t e
“8\2 8 6

Exercise 6. Integration of powers of sines
and cosines

Solved problems on

integration of products of
sines and cosines

Problem 9. Determine: / sin3¢ cos 2t dt

/ sin3¢cos 2t dt

1
= / E[sin(St +2¢) +sin(3¢t — 2¢)] dt,

from 6 of Table 2,
1 . .
= 5/(sm5t+smt)dt
= L (—cosSt cost) +c¢
2 5

1
Problem 10. Find: / 3 cosSxsin2x dx

1
/ § cosSxsin2x dx

1 /1
= §/ E[sin(Sx +2x) —sin(5x — 2x)] dx,
from 7 of Table 2
1
= 6/(sin7x —sin3x)dx
1 (—cos7x cosSx)
+c

s\ 77 T3




1
Problem 11. Evaluate: 2cos60 cosOdo,

0
correct to 4 decimal places
1
/ 2cos60 cos6 do
0

1
1
= 2/ 5[COS(69 +9) +COS(60 - 0)]d9’
0
from 8 of Table 2
sin70  sin50 !
7 5

. sin7 n sin5 sin(0 n sin(0
7 5 7 5

‘sin 7 means ‘the sine of 7 radians’ (=401.07°) and
sin 5=286.48°.

1
:/ (cos70 4 cos50)dO = [
0 0

1
Hence / 2co0s60 cosH db
0

= (0.09386 + —0.19178) — (0)
= —0.0979, correct to 4 decimal places

Problem 12. Find: 3 / sin Sx sin 3x dx

3 / sinSx sin3x dx

1
= 3/ —E[COS(SX +3x) - COS(SX - 3x)]dx’

from 9 of Table 2
3
= —5/(005 8x —cos2x)dx

B 3 /sin8x sin2x te or
T2 8 2

3
16 (4sin2x — sin8x) + ¢

Exercise 6. Integration of products of sines
and cosines

Solved problems on

integration using the sin6
substitution

1
Problem 13. Determine: / —dx
/a2 — x2

d
Let x =asin®, then %:a cos @ and dx=acos0do.
1
Hence/—dx
/a2 — x2

1
=/—ac0s9d9
Va2 —a?sin?6

acosfdo

) Ja2(1 —sin26)
. acosfdo
VaZcos2d'

acosO db
= —=[dfo=0+c
acosf

since sin?@ + cos?6 = 1

. . . X .1 X
Since x =asinf, then sinf = — and 6 = sin 1Z
a a
1 X
Hence/—dx:sm 12 4c
/aZ_xZ a



3
1
Problem 14. Evaluate: / —dx
0 —x2

3
- 1
From Problem 13, / —dx
0 V9 —x2

.1 X 3
= [sm —] since a = 3
31o

— (sin~'1 —sin"10) = % or 1.5708

Problem 15. Find: / Va?—x2dx

d.
Let x =asinf then £=a0059 and dx=acos6d6

Hence/\/a2—x2dx
:/\/a2—a2sin29(acosed9)

:/\/az(l —sin26) (acos 6 d6)
:/\/azcos29(acosed9)

:/(acos@) (acos6do)

:az/coszédézaz/(w)de

(since cos20 = 2¢08%60 — 1)

a? ( 2sin90059)
=—(0+— ) +c
2
since sin 20 = 2 sin6d cosd

a2 :
= E [0 4+ sinfcosO] +c¢

. . . X .1 X
Since x =asind, then sinf = — and 6 = sin 1Z
a

a
Also, cos?0 + sinZ @ = 1, from which,

/ 2
cosf =1 —sin?f = 1—(1)
a

a2 —x2  Ja¥—x?

a? a

2
Thus/\/az—x2 dx = %[9+Sin90059]

a2|:_1x x\ Va2 —x2
I VLT
2 a a a

2

a* . _x x
= —sin 1—+§\/a2—x2+c
a

2

4
Problem 16. Evaluate: / V16 —x2dx
0

4
From Problem 15, / V16 —x2dx
0

2 4

= [Esin1 £+%mi|4

0
- [8sin—1 1 +2J6] - [ssin—10+o]
=8sin"'1=38 (%)
=4 or 12.57

Exercise 7. integration using the sine 0
substitution



Solved problems on
integration using

the tan 6 substitution

1
Problem 17. Determine: / ———dx
(a*+x2)

d.
Let x =a tan 6 then %:asec% and dx =asec?0 do

1
Hence / m dx

1
_/(a2 + a2 tan? 0)
_/ asect0do
] a2(1 +tan20)

2

0do

:/& since 1 + tan26 = sec?6
a? sec2 0

(asec” 0d0)

1 1
=/—d9 =0 +c
a a

. X
Since x =atan 6, 0 =tan~1 =
a

H / LI N U L
ence | ————dx=—tan" —+c¢
(@® +x2) a a
2
Problem 18. Evaluate: / —zdx
0o 4+x?)

2
1
From Problem 17, ———dx
/0 (4+x2)

1 2
= — [tan_l i] sincea =2
2 2 do

L tan=11 — tan—10) 1(” 0)
= —(tan —tan =—|——
2 a 2\

= % or 0.3927

1
5
Problem 19. Evaluate: / ——dx, correct
0o 3+2x2)

to 4 decimal places

I3 ! 5
/—dx:/ — i
0o (3+2x2) o 2[(3/2)+x?]

5 (1 1
:E/o NP

1

_é 1 can=1 X i|
_z[«/_a/z AR,

5 /2 12
= —\/j tan~',/= —tan"'0
2V 3 3

= (2.0412)[0.6847 — 0]

= 1.3976, correct to 4 decimal places.

Exercise 8. Integration using the tan substitution





