Module 8

Integration using
Algebraic Substitutions

A. Introduction

Functions that require integrating are not always in the
‘standard form’. However, it is often possible to
change a function into a form which can be
integrated by using either:

(i) an algebraic substitution

(ii) trigonometric substitutions,
(iii) partial fractions,

(iv) the t =tan 92 substitution, or

(v) integration by parts

B. Algebraic aubstitutions

With algebraic substitutions, the substitution usually
made is to let u be equal to f(x) such that f(«) du is a
standard integral. It is found that integrals of the forms:

J)"
Lf ()]

(where k and n are constants) can both be integrated by
substituting u for f(x).

k/ L£0)]" f/(x)dx and k dx

Solved problems on integration
using algebraic substitutions

Problem 1. Determine: / cos(3x +7)dx

f cos(3x +7)dx is not a standard integral of the form

shown in Table 1, thus an algebraic
substitution is made.

Let u=3x+7 then d_u:3 and rearranging gives
x
_du
B
du
Hence cos(3x +7)dx = [ (cos u)?

1
:/—cosudu,
3

which is a standard integral

dx

1
= 3 sinu+c
Rewriting u as (3x +7) gives:
1
/cos(3x +7)dx = Ssin(3x +7)+ec,

which may be checked by differentiating it.
Problem 2. Find: / (2x —5)"dx

(2x —5) may be multiplied by itself 7 times and then
each term of the result integrated. However, this would
be a lengthy process, and thus an algebraic substitution
is made.

d d
Let u=(2x —5) then =2 and dr= ‘&

dx 2
Hence

d 1
/(2x —5)dx =/u77u = §/u7du
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Rewriting u as (2x —5) gives: The original variable ‘x’ has been completely removed
and the integral is now only in terms of # and is a
standard integral.

H 3/5d_3u6+_16+
enceg uu—86 c= u c

1
/ Q2x—5)dx= R(Zx -5%+¢

4
dx 1 2 6
5x —3) :E(4x +3)°+c¢

Problem 3. Find: /

du du
Let u=(5x —3) then — =5 and dx = — 7/6
dx 5 Problem 6. Evaluate: / 245in° 0 cosOd 0
0

4 4ddu 4 [1
Hence dx:/—— = —/—du du du
(5x —3) us S)ou Let  =sin 6 then — = cos@ and d6 =
do cosf

4
= glnu +c
Hence /24 sin’ 6 cos 0 do

. 5 du
= [ 24u’cos6
cos6

4
= gln(Sx—3)+c

1
Problem 4. Evaluate: / Zeéxfldx, correct to 4
0

o =24/u5du,by cancelling
significant figures

6
u
=24— 4 c=4u’ +c=4(sin0)° +c¢
Letu=6x—lthenz—u=6anddx=d?u ¢
x

d 1
Hence /2e6x_ldx Z/ZQMFM = g/e”du

1 1
= ge“ +c= §e6x_l +c

=4sin0 + ¢
/6
Thus / 24sin’ 6 cos 0 dO
0
EPIRELS CT\6 6
:[4sm 9]0 =4 (smg) — (sin0)

: 6x—1 LT ee—1]! 4 ( ! )6 0 —1 0.0625
_ I — = - o = or v.
Thus /0 2e dx 3 [e ]0 ) 16

1
- g[e5 —e11=49.35,

correct to 4 significant figures.

Exercise 3. Integration using algebraic

Problem 5. Determine: / 3x(4x>+3)°dx substitutions
d d
Let u =(4x% +3) then a =8x and dx = au
dx 8x
Hence
d
/3)6(4)62 +3)5dx :/3x(u)58—u
X

3
= g/usdu, by cancelling



Solved problems on integration using
algebraic substitutions

Problem 7. Find: / dx

X
2+ 3x2

d d
Let u=2+3x2 then —— =6x and dx = —
dx 6x

Hence / ol dx
2 +3x2

x du 1 1 .
:/—— = —/—du, by cancelling,
ubx 6J) u

1
:glnu—i—x
1 2
= Eln(2+3x )+c¢

2x
Problem 8. Determine: / ———dx
Vaxz—1

d d
Let u =4x2 —1 then —u:8x and dx:—u
dx 8x

2x
Hence /—dx
Vaxz—1

2x du l/ 1 du. b 1
= —_— = —dau, cancellin
Jusx 4 it ™ g

= l/Lf”zdu
4

1 [u<1/2>+1} 1 |:u1/2j|
== |te=5| 5 |*¢
1 1
4 —5+1 40 1

Problem 9. Show that:

/tan@d@ =In(sech) +c

ino
/ tan6 d6 = / Y g6
cos6

—du
sind

sin6 sinf [ —du
6 = / b
cos6 u sinf

1
:—/—du:—lnu+c
u

Letu=cosf

d
then au =—sind and d6 =
do

Hence

= —In(cosf) +c¢
=1In(cos8) ! +e,

by the laws of logarithms

Hence /tan0d0 = In(secf) + c,

1
since (cosf) !=——=sech
cos6

C. Change of limits

When evaluating definite integrals involving substi-
tutions it is sometimes more convenient to change
the limits of the integral as shown in Problems 10
and 11.



3
Problem 10. Evaluate: / Sxv/ 2x2 +7dx,

1
taking positive values of square roots only

d d
Let u=2x2+7, then a =4x and dx = au
dx 4x

It is possible in this case to change the limits of inte-
gration. Thus when x =3, u =2(3)24+7=25 and when
x=1u=2(1)2+7=9

x=3
Hence / SxvV/2x2 +7dx
x=1

Thus the limits have been changed, and itis unnecessary
to change the integral back in terms of x.

x=3
Thus / Sxv/2x2+7dx
x=1

5 M3/2 25 5 25
— | — 2| /y3
_4[3/2]9 6[ ”]9

:_wzs J—]——(lzs 27) = 81g

2
3
Problem 11. Evaluate: / —xdx, taking
0 2x2 41

positive values of square roots only

d d
Let u=2x2+1 then —u:4x and dx:—u
dx 4x

=2 3x du

2
/O \/2)62 x=0 \/_4)6

3 x=2
= —/ u12qy
4 x=0

Since u=2x%+1, when x =2, u=9 and when x =0,
u=1

3 x=2 3 u=9
Thus —/ u_l/zduz—/ u_”zdu,
4 x=0 4 u=1

Hence

i.e. the limits have been changed

A2 3
=—[T} =SVo-V1j=3,
|

2

taking positive values of square roots only.

Exercise 4. Integration using algebraic
substitutions





